We find dense point-to-point 
Introduction
We aim to find dense point-to-point correspondences between two articulated surfaces S (0) and S (1) . The correspondence problem is defined as follows. Given a position x (0) on S (0) , we aim to find the position x (1) on S (1) that corresponds to the same intrinsic location on S (1) as does x (0) on S (0) . If the position x (1) is absent on S (1) due to incomplete data, no correspondence is found for x (0) . We assume that S (0) and S (1) are triangular manifolds. Applications that require knowledge of dense point-topoint correspondences between two articulated surfaces include mesh deformation [3] , shape registration [23] , object recognition [16] , and mesh parameterization [20, 27] .
This type of precessing is often applied to real-world data captured using 3D laser-range scanners or image-based reconstruction. The reconstructed surfaces are often noisy or incomplete due to occlusions. This makes the problem of automatically computing the dense point-to-point correspondences challenging.
Finding point-to-point correspondences is a difficult problem because local regions on the surface are often not distinctive. This results in searching a large set of candidate correspondences when computing the correspondence for each object point. Previous methods for finding correspondences for articulated surfaces often restrict the search space using prior knowledge about the objects being registered [1] or use probabilistic methods to solve the problem [2] . These approaches may produce inaccurate correspondences. Two methods were proposed to find the correspondences in a fully automatic way by minimizing a deformation cost [15, 33] . These methods do not assume knowledge of markers or template shapes. However, both methods rely heavily on non-intuitive user-specified parameters.
We propose a new method to solve the correspondence problem in a fully automatic way that does not require any user-specified parameters. We find candidate correspondences using multi-dimensional scaling as in Jain et al. [17] and Wuhrer et al. [31] . We then find the best alignment by choosing the candidate that has the shortest deformation distance. The deformation distance is measured in a shape space that represents near-isometric morphs of triangular meshes [7] .
Related Work
This section reviews previous work on finding correspondences between two articulated surfaces. Allen et al. [1] use a given template model of a human body and a set of marker positions to solve the correspondence problem in an automatic way. The approach deforms the template mesh to fit a range scan of a human using a smooth deformation. This method requires prior knowledge about the shape being registered and about marker positions.
Recently, a number of markerless registration algorithms were developed [2, 9, 17, 31] . Anguelov et al. [2] solve the registration problem using loopy belief propagation on a Markov network. This approach maximizes a joint probabilistic function over all possible correspondences. The method ensures that close-by points on one surface map to close-by points on the other surface and that geodesics are preserved. This method fails when registering surfaces of a human body due symmetric misalignments of the front and the back of the body.
Jain et al. [17] , Wuhrer et al. [31] , and Bronstein et al. [9] solve the non-rigid correspondence problem by matching the intrinsic geometries of the surfaces. First, the approaches embed the intrinsic geometry of the surface into a Euclidean space using multi-dimensional scaling (MDS).
Second, the approaches match the embeddings. These approaches register shapes with nearly symmetric canonical forms erroneously. This paper presents an approach that overcomes the drawback by aligning the shapes using a more stable procedure. The alignment procedure can be viewed as minimizing a deformation distance.
Bronstein et al. [8] also solve the correspondence problem by matching the intrinsic geometries of the surfaces. However, instead of embedding the intrinsic geometry of a shape S in Euclidean space, Bronstein et al. embed the intrinsic geometry of S into a triangular surface Q using generalized MDS. Generalized MDS aims to embed the points on S into the surface Q, such that the geodesic distance on S is approximated well by the geodesic distance of the corresponding points on Q. This method avoids the large embedding errors caused by embedding into Euclidean space. However, Bronstein et al. require a template mesh when the aim is to register two incomplete surfaces.
Zeng et al. [32] embed the intrinsic geometry of a surface with arbitrary topology in the plane using a conformal mapping. They then solve the registration problem by matching two conformal mappings in the plane.
Recently Huang et al. [15] and Zhang et al. [33] independently developed two similar approaches to solve the non-rigid correspondence problem. Both approaches find the correspondence by minimizing a deformation energy. Huang et al. [15] propose a technique that solves the correspondence problem iteratively by alternating between a correspondence optimization and a deformation optimization. The approach can be viewed as an extension of the Iterative Closest Point algorithm (ICP) [5] that is often used to solve the rigid correspondence problem. The method is shown to perform well if the two meshes are initially well aligned. If the alignment is poor, the method fails. The main drawback of this method is that it relies heavily on non-intuitive userdefined parameters. This makes the method impractical. Zhang et al. [33] propose a technique that solves the correspondence problem by finding a small set of features and by choosing the best feature correspondence as the one that minimizes a deformation energy. To improve the efficiency of the algorithm, the tree of all matching features is pruned if the features are too dissimilar. Nonetheless, the algorithm is not as efficient as the algorithm of Huang et al. [15] . Once the feature correspondences are computed, the full correspondence is found by deforming the full mesh based on the feature points. The main drawback of this method is the computational inefficiency. Results are only demonstrated for models with less than 4000 vertices. Furthermore, like the method of Huang et al., the tree pruning relies heavily on non-intuitive user-defined parameters. The authors leave finding parameters automatically for future work.
In this work, we find the best alignment of the shapes in a shape space representing the intrinsic geometry of a triangular manifold. Shape spaces that represent the intrinsic geometry of shapes are used in morphing, where the goal is to smoothly transform a source shape into a target shape [30, 18, 7] . By finding the best alignment in shape space, we minimize a deformation energy.
Overview of Approach
This section gives an overview of our algorithm. The approach starts by finding a set of candidate correspondences. The correct correspondence is found as the candidate correspondence that minimizes a deformation energy.
The candidate correspondences are found using multidimensional scaling. This approach has previously been used to solve the correspondence problem [17, 31] . However, the previous approaches have the drawback that nearsymmetric shapes are registered erroneously because the wrong candidate correspondence is accepted as the correct solution to the correspondence problem. For instance, the back of a person may be registered to the front although the back and front of a person are not entirely symmetric to each other. Section 4 reviews how to efficiently find candidate correspondences.
To find the correct candidate correspondence, we evaluate a deformation cost for each candidate correspondence. The candidate correspondence with the smallest deformation cost is chosen as the final correspondence. To evaluate the deformation cost, we compute a deformation distance between S (0) and S (1) in a shape space that was previously used to morph between near-isometric objects [7] . Section 5 outlines how to compute the deformation cost for a given candidate correspondence.
Finding Candidate Correspondences Via Multi-Dimensional Scaling
This section describes how to find a set of candidate correspondences.
Finding Dense Correspondences
We model the deformations of a shape as isometries and solve the correspondence problem by matching the intrinsic geometries of two shapes. To match the intrinsic geometries, we map the intrinsic geometries of the surfaces into a low-dimensional Euclidean space via multi-dimensional scaling. Elad and Kimmel [13] introduced the embedding of the intrinsic geometry of a surface into a low-dimensional Euclidean space and denoted it the canonical form of a surface. If shapes are deformed isometrically, then canonical forms are posture-invariant shapes that represent the intrinsic geometry of a manifold. Note that in this application, multi-dimensional scaling is used to embed the intrinsic geometry of a shape in Euclidean space without reducing the dimensionality of the data.
To find the candidate correspondences, we employ a coarse-to-fine strategy. We compute sample sets P (r) containing n (r) vertices from S (r) for r = 0, 1 using Voronoi sampling. We compute the geodesic distance δ (r)
i,j between every pair of samples p i and p j using fast marching [19] . To account for incomplete models, we compute confidence values
where m i,j is the number of edges on the geodesic path computed by the fast marching technique from p i to p j and where m h i,j is the number of edges tracing a hole of S (r) on the geodesic path from p i to p j . We use δ i,j as dissimilarities and ω i,j as weights to embed the samples P (r) of the manifold S (r) into R k via least-squares multi-dimensional scaling (MDS) [6, p.146-155] . In the following, k = 3.
To solve the correspondence problem, we compute the rigid correspondence between the canonical forms. The canonical forms X (r) are invariant with respect to rotation, translation, and reflection [11] . Hence, we need to consider multiple alignments of X (0) and X (1) . We follow the common approach to align both X (0) and X (1) by the eigenvectors of their respective data covariance matrices [17, 31] . For each possible sign alignment of the eigenvectors, we compute an optimal rigid correspondence using the Hungarian method [26] . The Hungarian method solves the following problem: given a sign alignment, find an assignment function a(i) that assigns exactly one point X (1) 
Eliminating Erroneous Matchings
To eliminate erroneous matchings that assign a point X (1) a(i) to a point X (0) i , we wish to only accept correspondences that form a graph G (0) on S (0) that is approximately isometric to a graph G (1) on S (1) . We can find these correspondences using a kernel extraction method as proposed by Leordeanu and Hebert [22] and used by Huang et al. [15] . The approach proceeds as follows. We first compute a consistency matrix C with entries 
a(i),a(j) are almost identical. In case of consistency, c i,j is close to 1. To allow for small non-isometric deformations, we do not use C to extract the valid correspondences, but define a matrix M to find the kernel [15] . The entries of M are
where c 0 is a threshold. The threshold c 0 describes how much non-isometric deformation is acceptable. Unlike Huang et al. [15] , we do not set the threshold empirically. Instead, to compute c 0 in a fully automatic manner, we analyzed the distribution of the entries of the matrix C over all 2 k candidate correspondences. We found that the distribution resembles part of a Gaussian distribution. The distribution for one of the Alien models discussed in Section 6 is shown in Figure 1 . The figure shows a histogram of the values c i,j . We use the 2 k matrices C (one matrix per candidate correspondence) to learn the underlying normal distribution (μ, σ 2 ) via maximum likelihood estimation. We then set c 0 to μ − 3 * σ. This way, 99.7% of the correspondences are expected to be accepted.
Finally, we project the vertices S (r) \ P (r) to the embedding space. The approach finds the correspondence of the projected vertices by evaluating an approximating thin-plate spline (TPS) mapping the embedding X (0) to X (1) [12] .
A coarse-to-fine strategy is implemented by performing the least-squares MDS and the Hungarian assignment on a sample set P (r) of vertices computed using Voronoi sampling [14] . To find dense correspondences, all vertices of S (r) \ P (r) are projected to the embedding space and registered using the TPS mapping and a nearest neighbor search using a kd-tree. We only accept correspondences that are consistent with the sample correspondences according to the learned parameter c 0 .
The running time of computing all 2 k candidate correspondences is
, k is the dimension of the embedding space, and t is the maximum number of iterations used to compute the embedding of the points. The reason is that initially, the algorithm computes the set P (r) via Voronoi sampling in O(n n log n) time and the canonical forms of P (r) in O(n 2 t) time. Next, for each of the 2 k possible alignments, the algorithm computes the Hungarian matching and the TPS mapping in O((n +k)
3 ) time. Finally, the algorithm computes all nearest neighbors in O(n(tk + √ n)) time using a kd-tree. Since k = 3 and since on average n and t are much smaller than n, the average running time of the algorithm is O(n √ n).
The following section outlines how we choose the best candidate correspondence. 
Choosing a Candidate Correspondence
Recall that we assume that S (0) and S (1) are nearisometric. Hence, we wish to accept the correspondence that deforms S (0) to S (1) in the most isometric way. Given a candidate correspondence, we know two sets of ordered vertex coordinates: a set of vertex coordinates
and a set of vertex coordinates
is a subset of the vertices of S (r) because some vertices have no correspondence. To choose the correspondence that deforms the shape in the most isometric way, we need to compute a common mesh structure M such that embedding M into R 3 with V (0) as vertices approximates S (0) and such that embedding M into R 3 with V (1) as vertices approximates S (1) . Once M is known, we need to evaluate a cost function such that minimizing the cost function over all candidate alignments yields the correspondence that deforms S (0) to S (1) in the most isometric way.
Computing a Common Mesh M
Recall that we know the underlying mesh structures M (0) of S (0) and M (1) of S (1) . Note that M (0) and M (1) do not have the same topology. Furthermore, M (0) and M (1) may be incomplete or even disconnected.
We compute two mesh structures M (r) starting from M (r) . The goal for M (r) is to only contain vertices that are in the set V (r) . We compute M (r) from M (r) using halfedge collapses. We collapse all the half-edges until only vertices in V (r) remain. We always collapse the half-edge that results in the least change in volume. Lindstrom and Turk [24] explain how to find this half-edge. This results in two mesh structures on V (r) : M (0) and M (1) . Both M
and M (1) have the property that embedding them into R 3 with V (0) as vertices approximates S (0) and that embedding them into R 3 with V (1) as vertices approximates S (1) .
Evaluating a Cost Function
Recall that M denotes a mesh structure such that embedding M into R 3 with V (0) as vertices approximates S (0) and such that embedding M into R 3 with V (1) as vertices approximates S (1) . Given M , V (0) , and V (1) , we can evaluate how isometric the two deformed shapes are by computing the energy
where E is the edge set of M and v (r) i is the i-th vertex in the ordered set V (r) for r = 0, 1. The energy E(M ) measures how isometric the shapes are because a deformation of a shape represented by a triangular mesh is isometric if and only if all triangle edge lengths are preserved during the deformation [18] .
The energy E(M ) is a deformation distance in the shape space S that captures the intrinsic geometry of the deformed mesh [7] . Kilian et al. [18] note that we can find the true point-to-point correspondences between two deformed triangular meshes over a set of possible candidate correspondence alignments by computing the distance in S for each alignment. The correct alignment is found as the alignment with minimum distance. This observation holds because the correct correspondence is the shortest geodesic path in shape space S. Note that the shape space used by Kilian et al. simply encodes the extrinsic geometry of the deformed shapes. We use a different shape space introduced by Bose et al. [7] because this shape space encodes the intrinsic geometry of the deformed mesh. It is therefore more suitable to measure the deformation distance.
To obtain a symmetric deformation energy, we evaluate the energy twice and choose the cost as the maximum of the two results. That is, the deformation cost for a candidate correspondence is computed as
Results
This section presents experiments using the algorithm presented in this paper. The experiments were conducted using an implementation in C++ on an Intel Pentium D with 3.5 GB of RAM. OpenMP was used to improve the efficiency of the algorithms. To minimize the energy when computing the canonical form, a quasi-Newton method is used. The quasi-Newton method used is the limitedmemory Broyden-Fletcher-Goldfarb-Shanno scheme [25] . For implementation details of this approach, see Wuhrer et al. [31] .
We first show some results of the correspondence algorithm. We then show how the computed correspondence can be used to find near-rigid components.
Correspondence Results
The first experiment evaluates the quality of our approach. We compute the correspondences between four poses of an alien model. Each of the poses contains 6858 vertices. The models were obtained by animating a model from the Princeton Shape Benchmark [28] using the approach by Baran and Popović [4] . The experiment is shown in Figure 2 . We found the correspondences between posture (a) and postures (b),(c), and (d) in this experiment. Vertices on the arms, legs, and torso are assigned a color in posture (a). The corresponding points in postures (b),(c), and (d) are then displayed using the same color. Note that some vertices do not obtain a color in postures (b),(c), and (d) because no correspondence was found for those vertices. We can see that a visually pleasing correspondence is found for all postures. Our implementation takes about 35 minutes to find each of the correspondences.
We compare the correspondences found by our algorithm to the ground truth by computing the geodesic distances between the correspondence found by the algorithm and the true correspondence for each vertex. We measure the error in correspondence as the number of edges along the shortest path between the correspondence found by the algorithm and the true correspondence. Since the algorithm rejects erroneous matchings automatically, some points do not obtain a correspondence. We do not assign an error to rejected correspondences. (b) , the best candidate correspondence is found. That is, no front-to-back mismatching occurs. The large correspondence error is a result of non-isometric models.
Note that unlike in the previous approach by Wuhrer et al. [31] , no symmetry alignment problems occur. However, our approach accepts fewer correspondences. Second, we evaluated the proposed approach using the four models with large non-rigid deformation shown in Figure 4 . Each row shows the correspondences between the leftmost model in the row with each of the other models in the same row. The correspondences are visualized as follows. For the experiments shown in the first and third rows, we manually segmented the leftmost models. Each point that belongs to a segment is assigned a color in the leftmost model. For the remaining experiments, each point that has a corresponding point in another posture is assigned a unique color in the leftmost models. The corresponding points in the other postures are then displayed using the same color.
The cat and horse models were created and used by Sumner et al. [29] . The cat models contain 7207 vertices. The horse models contain 8431 vertices. In both cases, we use 2000 samples to compute the canonical forms. The gorilla and centaur models were created by Bronstein et al. [9] . The gorilla models contain between 2028 and 2046 vertices. The centaur models contain 3400 vertices. In both cases, we use 1000 samples to compute the canonical forms.
The experiments show that the proposed approach is suitable to compute pairwise correspondences between models with large deformation. Our implementation computes each of the correspondences in less than 10 minutes. Third, we evaluated the performance of the proposed approach for models with incomplete underlying meshes. We visualize the correspondence using the same approach as in the previous experiments. The models shown in Figure 5 contain many small holes. The models are from the McGill 3D shape benchmark [34] and contain 21338 and 25658 vertices. We use 2050 samples to compute the canonical forms. Note that the correct correspondence is found. No symmetric alignment problems occur. This shows that the proposed approach is suitable for incomplete models with small holes. Our implementation computes the correspondences in about 80 minutes. The proposed approach has limitations. One limitation we encountered in our experiments is due to the assumption that models deform approximately isometrically. If the models deform non-isometrically, the incorrect correspondence is found. An example of this limitation is shown in Figure 6 . The models were created by Bronstein et al. [9] . Poses (e) and (f) are registered correctly. However, the remaining poses register incorrectly. Note that none of the incorrect poses is simply a symmetric misalignment. Instead, parts of the object are registered correctly and other parts of the object are registered incorrectly. For instance, in pose (b) the arms are registered correctly while the legs are registered incorrectly. Note that in those cases, none of the 8 candidate correspondences we compute is correct. This problem does not arise because we choose the incorrect candidate correspondence, but because none of the candidate correspondences is correct. This problem occurs although the embedding error is small when computing the canonical forms. This shows that the models are not isometric.
Application to Finding Near-Rigid Components
An application of the correspondence problem is the problem of segmenting a mesh into near-rigid components based on a set of deformed input meshes. This section applies the proposed algorithm to the problem of segmenting a mesh into near-rigid components. To compute the segmentation, we first need to find a complete corresponding mesh. Note that the proposed algorithm only computes point-to-point correspondences for a subset of the vertices because erroneous correspondences are rejected using the kernel technique described above.
To compute two complete meshes in correspondence from one of the reduced meshes M (r) for r = 0, 1, we use the mean-value geometry encoding introduced by Kraevoy and Sheffer [21] . With the mean-value encoding, we can find a deformation of M (r) that interpolates the points with known correspondence in M ((r+1) mod 2) . To compute this deformation, an energy needs to be minimized. We minimize this energy using numerical derivatives as in Kraevoy and Sheffer. We make the deformed mesh as isometric as possible to M (r) by minimizing the isometric energy introduced by Kilian et al. [18] . We slightly modify the energy to ensure that the deformed mesh interpolates the points with known correspondence in M ((r+1) mod 2) .
Once the correspondence is known, the near-rigid components are found using a clustering technique in the shape space encoding the intrinsic geometries of the meshes. The clustering algorithm proceeds in two steps. First, clusters are computed in the dual domain of the mesh. Two triangles are in the same cluster if they move almost rigidly to each other. Second, small clusters are merged to the closest adjacent cluster to avoid over segmentation of the model. The closest adjacent cluster is the one that moves the most rigid with respect to the current cluster. Figure 7 shows the near-rigid segmentation obtained for the models shown in the top row of Figure 4 . Note that the overall skeletal structure is captured. However, the face of the cat is over-segmented due to incorrect correspondences. 
Conclusion
This section summarizes the contribution of this work by comparing our algorithm to the recent related work by Zhang et al. [33] and Huang et al. [15] . Furthermore, we summarize limitations of our algorithm.
We find the correct correspondence by minimizing a deformation cost. This is similar to the recent approaches by Finally, we summarize some limitations of our approach that should be addressed in the future:
• Surfaces that are not isometric cannot be registered reliably using this algorithm, as discussed in Section 6.
• Surfaces with large holes cannot be registered reliably using this algorithm, since large holes alter the global shape of the canonical embedding of the sample points.
• Surfaces that cannot be represented well in Euclidean spaces cannot be registered reliably using this algorithm. Although the gorilla models have large embedding error, we never encountered this problem in our experiments. This problem is intrinsic to approaches that use canonical forms in R k and can be avoided by computing canonical forms on template shapes [9] .
• Surfaces with many significant outliers cannot be registered reliably using this algorithm, because MDS is not robust with respect to outliers [11] .
